Abstract In remote sensing of planetary bodies, the development of analysis techniques that lead to quantitative interpretations of data sets has relatively been deficient compared to the wealth of acquired data, especially in the case of regoliths with particle sizes on the order of the probing wavelength. Radiative transfer theory has often been applied to the study of densely packed particulate media like planetary regoliths, but with difficulty; here we continue to improve theoretical modeling of spectra of densely packed particulate media. We use the superposition T-matrix method to compute the scattering properties of an elementary volume entering the radiative transfer equation by modeling it as a cluster of particles and thereby capture the near-field effects important for dense packing. Then, these scattering parameters are modified with the static structure factor correction to suppress the irrelevant far-field diffraction peak rendered by the T-matrix procedure. Using the corrected single-scattering parameters, reflectance (and emissivity) is computed via the invariant-imbedding solution to the scalar radiative transfer equation. We modeled the emissivity spectrum of the 3.3 μm particle size fraction of enstatite, representing a common regolith component, in the midinfrared (~5-50 μm). The use of the static structure factor correction coupled with the superposition T-matrix method produced better agreement with the corresponding laboratory spectrum than the sole use of the T-matrix method, particularly for volume scattering wavelengths (transparency features). This work demonstrates the importance of proper treatment of the packing effects when modeling semi-infinite densely packed particulate media using finite, cluster-based light scattering models.
Introduction
Light scattering and radiative transfer models are important tools in optical characterization of particulate media and have been an integral part in analyses of atmospheres and surfaces of solar system bodies from various remote sensing measurements (e.g., of the Earth; Maignan et al., 2004; Mars; Clancy et al., 2003; sparse particulate media in which individual particles are separated enough from each other that the far-field approximation can be assumed (Mishchenko, 2014; Mishchenko et al., 2006; van de Hulst, 1957) . However, the RTT has still been applied to densely packed media, such as regoliths and snow surfaces, with a variety of assumptions and modifications (Cheng et al., 2010; Conel, 1969; Hapke, 1981 Hapke, , 1993 Hapke, , 2012 Lumme & Bowell, 1981a; Mishchenko et al., 1999; Moersch & Christensen, 1995; Muinonen et al., 2015 Muinonen et al., , 2017 Muinonen et al., , 2018 Mustard & Hays, 1997; Pitman et al., 2005; Reichardt & Kulp, 2016; Tishkovets & Petrova, 2013a , 2013b , 2016 Tsang, 1992; Tsang et al., 1985; Wald, 1994; Wald & Salisbury, 1995; Wiscombe & Warren, 1980; Xiong & Shi, 2014; Xiong et al., 2015; Zurk et al., 1996) .
Simultaneous analyses of both photometric and polarimetric data are known to yield precise microphysical and macrophysical information on planetary objects (e.g., Mishchenko et al., 2010; . In many cases, however, solitary use of photometric data is common, and furthermore, spectra of bidirectional and hemispherically averaged reflectances and emissivities can be quite informative and have led to important contributions to the understanding of planetary bodies such as indications of water on Mars and the Moon (e.g., Christensen et al., 2001; Pieters et al., 2009) . Some spectral analysis procedures in the midinfrared wavelengths (~5-50 μm) utilize a mathematical approach for deconvolving complex mineral spectra into their constituent phases (e.g., Feely & Christensen, 1999; Pan et al., 2015; Ramsey & Christensen, 1998; Rogers & Aharonson, 2008; Thorpe et al., 2015) and are capable of bypassing the use of rigorous light scattering modeling. One limitation in this approach, however, arises when analyzing regolith surfaces with particle sizes in the "resonance" regime, where particle diameters are on the order of or smaller than the wavelength used in remote sensing measurements, leading to nonlinear spectral mixing. The resonance regime frequently occurs for a variety of solar system objects, requiring physically based models that can accommodate nonlinear traits. Our study takes a step closer toward the goal of providing a rigorous, physically based model for spectral analysis and resolving the difficulty of the resonance regime with the use of some of the most recent advances in accurate numerical procedures in light scattering and radiative transfer modeling.
Various attempts have been made to model spectra of planetary regoliths (or their proxies) with the RTT, but satisfying results, where the models can be confidently implemented in analyses of real remote sensing data, are still challenging to obtain (Conel, 1969; Ito et al., 2017; Moersch & Christensen, 1995; Mustard & Hays, 1997; Pitman et al., 2005; Wald, 1994; Wald & Salisbury, 1995) . One problem is the difficulty in proper incorporation of the near-field effects important in densely packed particulate media. Tishkovets and Petrova (2013a , 2013b , 2016 , Glotch et al. (2016) , and Ito et al. (2017) used the "single-scattering" parameters obtained with the superposition T-matrix method as inputs into radiative transfer models to capture the near-field effects for closely packed particles in a particulate surface. This approach was a valuable improvement over the standard Mie-based models. However, one potential issue is that the T-matrix procedure by definition computes the scattering pattern in the far zone of an elementary volume of particulate medium and thereby yields a strong diffraction peak caused by the forward-scattering interference of the waves scattered by the individual particles within the elementary volume. Obviously, this expressly far-field scattering feature is irrelevant in the study of light scattering by adjacent elementary volumes. For this reason, we implement the so-called static structure factor correction to the single-scattering properties of the elementary volume obtained by the superposition T-matrix method in order to suppress this undesirable artifact.
Methods

Elementary-Volume Scattering Parameter Computation
Our approach in modeling the spectra of densely packed particulate media is based on the phenomenological RTT (Chandrasekhar, 1950) and as such has three major components. The first two serve to compute the single-scattering properties of an elementary volume of particulate medium serving as a centerpiece of the conceptual foundation of the RTT (Figure 1 ). The third one is the computer solution of the RTT formulated for a semi-infinite layer of regolith.
First, the single-scattering parameters of an elementary volume are initially computed using the superposition T-matrix method (Dlugach et al., 2011; Mackowski, 1994; . Specifically, the elementary volume is assumed, for simplicity, to be a small spherical volume of space populated by a number of densely packed, randomly positioned particles (cf. Tishkovets & Petrova, 2013a , 2016 . As such, the elementary volume can also be viewed as a random cluster of closely spaced particles.
Although it could be more mathematically rigorous to use the cubical (rather than spherical) shape of an elementary volume (cf. Figure 1) , the quantitative effect of doing that becomes negligible upon statistical averaging over all particle positions within the volume (Tishkovets & Petrova, 2013a , 2016 . The superposition T-matrix method solves the macroscopic Maxwell equations for the cluster as a whole. Therefore, near-field effects within the cluster, which are important to capture when modeling densely packed particulate media, are automatically incorporated. The computation is done with the Multiple Sphere T-Matrix (MSTM) program run on the Pleiades Supercomputer at National Aeronautics and Space Administration (NASA) Ames Center and the SeaWulf and LIred clusters at Stony Brook University. Although the Maxwell equations are always solved for a fixed cluster, the MSTM program subsequently averages the cluster scattering characteristics over all cluster orientations, thereby effectively accomplishing the requisite task of averaging over all particle positions within the elementary volume (Mishchenko, 2014; Mishchenko, Dlugach, et al., 2016) . The MSTM program requires particle positions within the initial cluster, complex indices of refraction, and size parameters as inputs. The particle size parameter is defined as 2πr/λ, where r is the particle radius and λ is the wavelength in the surrounding medium. A collision-driven molecular dynamics algorithm (Donev et al., 2005) was used to generate the positions of 1,000 individual particles each having a diameter of 3.3 μm. The complex indices of refraction of a common igneous mineral, enstatite, across midinfrared wavelengths from Rucks and Glotch (2014) were used, with contribution percentages of each of the three principal indices of refraction following Ito et al. (2017) . The choice of the mineral and of the individual particle diameter used here represents some of the frequently encountered compositions and smallest particle size fractions for planetary regoliths (Carrier et al., 1991; Gundlach & Blum, 2013; McKay et al., 1991; Papike et al., 1991) . As to the choice of the number of particles in a cluster, increasing this number during the MSTM computation generally leads to modeled spectra increasingly consistent with laboratory measured spectra (Ito et al., 2017) ; however, the improvements are minor after about 1,000 particles. Furthermore, the number of particles was chosen to be 1,000 to maintain enough dense packing near-field effects captured by the superposition Tmatrix method. Additionally, 1,000-particle clusters preserve the balance between improvements in modeled spectra and the increasing computational burden with the use of more particles. We investigate midinfrared wavelengths in this work as the analytical methods for this wavelength range require substantial improvement when analyzing spectra of fine-grained regolith surfaces (e.g., Ramsey & Christensen, 1998; Rogers et al., 2007; Thorpe et al., 2015) . Ito et al. (2017) observed that the use of the superposition T-matrix method to compute the single-scattering characteristics of an elementary volume results in a spurious forward-scattering feature, wherein the magnification of the "diffraction" peak caused by the far-field effect of forward-scattering interference (Mishchenko, Figure 1 . Consistent with the conceptual foundation of the radiative transfer theory, a regolith surface is modeled as consisting of elementary volumes randomly populated by particles. 2014) becomes exceedingly strong. This feature is inconsistent with existing evidence that packing-density effects serve to suppress rather than enhance the diffraction peak of individual particles and hence weaken the forward-scattering phase function of an elementary particulate volume (see Mishchenko, 1994 , and references therein). The explanation of this paradox is that the T-matrix technique incorporates the far-field forward-scattering interference effect by definition, whereas this effect does not manifest itself in near-field scattering interactions between adjacent elementary volumes. In order to counteract this problem and better model the scattering pattern relevant to an elementary volume of particulate medium, we apply the static structure factor correction (Mishchenko, 1994; Mishchenko & Macke, 1997; Tsang et al., 1985) to the cluster scattering parameters obtained from the T-matrix method.
Static Structure Factor Correction
The static structure factor correction arises from the treatment of the mutual influence of particles on each other's positions in terms of what is known as the pair-distribution function. According to this approach, the position of one particle is influenced directly by the presence of an immediate neighboring particle and indirectly by the presence of the sum of all the other particles. This signifies that the filling factors (packing density) of the particles, along with their size (radius for spherical particles), are key factors in determining how closely spaced together the particles are on average and therefore govern the pairdistribution function. The pair-distribution function can be translated to the static structure factor by a method known as the Percus-Yevick approximation, which assumes that the particles are impenetrable, spherical, and nearly equal-sized. With the incorporation of the static structure factor, one accounts for the effect of nonrandom particle positions on the interference of the waves singly scattered by the individual particles within an elementary volume, the main result being the suppression of forward scattering by the entire volume.
The static structure factor correction has been applied to spectral studies of silica and snow particulate media (Chen et al., 2014; Cheng et al., 2010; Huang et al., 2016; Pitman et al., 2005; Reichardt & Kulp, 2016) , though these applications used single-particle Mie and spheroid T-matrix methods (Mishchenko et al., , 2002 . Our approach combines the superposition T-matrix method and the static structure factor correction, essentially accounting for the fact that the far-field diffraction peak of an isolated elementary volume rendered by the T-matrix procedure cannot manifest itself in a particulate medium.
In this study, the packing density of particles inside an elementary volume (and thus throughout the regolith layer) used during the T-matrix and the static structure factor computations are kept at 0.2, which falls within the range of reported packing densities of lunar regolith (0.13-0.26; Hapke & Sato, 2016; Ohtake et al., 2010) . Additionally, the packing density of 0.4 is tested to observe the effects of denser packing. The technical details of the static structure factor correction, its scope, and a FORTRAN program for its practical implementation are described in the Appendix A.
Radiative Transfer Model
The final, third component of our modeling approach is the use of the above-discussed single-scattering characteristics of elementary volumes to compute the reflectivity and emissivity of the entire particulate layer with the RTT. For the purposes of this study, we assume that the scalar approximation of radiative transfer is sufficiently accurate in the resonance region of particle sizes relative to the wavelength (Mishchenko et al., 2006) . Accordingly, we utilize the invariant-imbedding solution to the scalar radiative transfer equation for a macroscopically flat, homogeneous, and optically semi-infinite particulate medium (Mishchenko et al., 1999) as a reasonable substitute for the more laborious rigorous treatment with full account of polarization (Mishchenko et al., 2015) . Here the Fourier-decomposed Ambartsumian nonlinear integral equation
is solved numerically using the method of iterations, where μ 0 is the cosine of the incident angle, μ is the cosine of the reflection angle, ϖ is the single-scattering albedo, R m is the mth Fourier component of the bidirectional reflection function, and P m is the mth Fourier component of the phase function. Both ϖ and P m represent the single-scattering characteristics of an elementary volume. Integrated reflection values, plane (A P ) and spherical (A S ) albedos, are obtained as
and
respectively. Here A S is equivalent to the hemispherically integrated reflectance, R. The advantage of the computation of reflectivity with this approach is that the solution to the scalar radiative transfer equation is numerically exact while being fast, thereby maintaining practical simplicity and posing no serious computational obstacles to modern desktop computers. Additionally, commonly used parameters in subjects of light scattering, the single-scattering albedo and generalized spherical function expansion coefficients of the scattering matrix elements (refer to Appendix A) are utilized, which allow this method to be used in concert with inputs from a variety of sources.
In the midinfrared wavelengths, spectra of hemispherically integrated emissivities are commonly used. The hemispherical emissivity, ε, is the complement of the spherical albedo (A S or R) for a semi-infinite particulate medium according to Kirchhoff's law as ε = 1 À A S (Hapke, 1993; Salisbury, 1993) . Furthermore, integrated values, such as the spherical albedo and hemispherical emissivity, are the most suitable values to be modeled using our approach as other quantities, like bidirectional reflectance and polarization, are difficult to model correctly due to the assumption of spherical particles implemented in the superposition T-matrix and static structure factor procedures (Mishchenko, 2014) . We compute the hemispherical emissivity at 10 cm À1 intervals within the 400 to 1,500 cm À1 (6.67 to 25.0 μm) range with appropriate single-scattering albedo and generalized spherical function expansion coefficients from the superposition T-matrix and static structure factor correction methods as elementary-volume inputs.
Results
Modeled emissivity spectra of an enstatite particulate medium with 0.2 and 0.4 packing densities are shown in Figure 2 . The implementation of the static structure factor correction increased emissivity at all wavelengths except for the Christiansen feature at~1,200 cm À1 where no change is observed.
At a packing density of 0.2, the implementation of the static structure factor correction results in a better fit to the laboratory spectrum of an enstatite powder reported by Ito et al. (2017) than the spectrum modeled solely with the superposition T-matrix method ( Figure 2 ). The quality of agreement is wavelength dependent, and therefore, agreements should be analyzed in sections of the whole wavelength range covered here. The agreement of the modeled emissivities with the laboratory counterpart at some of the most important spectral feature wavelength ranges is summarized as root-mean-square errors in Table 1 . The 700-900 cm À1 region, known as the transparency feature, is a predominant spectral feature for this particle size fraction, but has faced considerable modeling difficulties in the past. Here the transparency feature is particularly well modeled by the implementation of the static structure factor correction at the packing density 0.2.
At a packing density of 0.4, the use of the static structure factor correction produced a spectrum with low spectral contrast compared to the laboratory spectrum ( Figure 2 ). The agreement is worse compared to the case of the 0.2 packing density, and furthermore, the agreement is worse than the spectrum computed solely with the superposition T-matrix method (Table 1) . At frequencies higher than the Christiansen feature (1,200 cm À1 ), the use of the static structure factor correction at the 0.4 packing density led to the best agreeing modeled spectrum among the ones computed in this study, though the fit is still poor. The overall poor fit also is observed at the shortest frequencies (<450 cm À1 ).
Discussion
The static structure factor correction is best suited for relatively low packing densities and when coupled with the superposition T-matrix method. For a low packing density (0.2), the spectrum is modeled well at many frequencies, particularly at the transparency feature. This is important for studies of many solar system bodies as the regolith particles are thought to be gently deposited on surfaces with packing densities close to 0.2, as for the case of lunar regolith (Hapke & Sato, 2016; Ohtake et al., 2010) . The capability to accurately model spectral features is essential as mineralogical analysis based on spectroscopy relies heavily on the magnitudes and shapes of major spectral features.
For higher packing densities, the static structure factor correction leads to an overcorrection of spectral contrast at all wavelengths (except at the Christiansen feature). Such featureless spectra will likely not be useful in mineralogical analysis, and therefore, the static structure factor correction would not provide benefits at high packing densities.
The behavior of emissivity spectra with varying packing densities can be further understood by examining the single-scattering parameters of an elementary volume: the single-scattering albedo (ϖ) and phase function (a 1 ). Reststrahlen features are reflective features (for particles greater than the wavelength) characterized by a large imaginary part of the complex index of refraction. For small particles, that is, this study (3.3-μm sized particles scattering midinfrared light), at Reststrahlen wavelengths, particles scatter light less efficiently than at transparency wavelengths, leading to lower single-scattering albedos than that for the transparency wavelengths (Table 2) . When the packing density is increased in the T-matrix procedure, the single-scattering albedo increases at Reststrahlen wavelengths. At these wavelengths, the incoming light is mostly scattered by the particles located on the outside, or the surface, of the cluster representing an elementary volume. The inner particles do not get much opportunity to interact with incoming light (the so-called shielding effect; e.g., Hapke, 1993; Tishkovets, 2008; Tishkovets & Petrova, 2013b) . Lower packing densities lead to easier penetration of light into the cluster, which increases the chance of absorption of light by the particles and hence, leads to lower single-scattering albedos.
The opposite effect is observed for the transparency feature. At transparency wavelengths, increased "volume scattering" is experienced for small particles in which each particle easily transmits and incrementally scatters light so that, in sum, it becomes easier for light to exit the cluster Salisbury & Wald, 1992; . This yields higher and lower single-scattering albedos and emissivity values, respectively, compared to Reststrahlen wavelengths. Increasing the packing density in the T-matrix procedure reduces the interstitial pore spaces and leads to fewer opportunities for volume scattering to take place; therefore, the cluster single-scattering albedo is lower at the 0.4 packing density than at 0.2 (Table 2 ). These are some of the manifestations of the near-field effect and are well captured by the superposition T-matrix method (Figure 3 ).
Increasing the packing density in the static structure factor correction decreases the cluster single-scattering albedo at all wavelengths compared to the cluster single-scattering albedo computed solely by the superposition T-matrix method (Table 2) . When comparing the effect of the static structure factor correction with 0.2 and 0.4 packing densities, the cluster single-scattering albedo is lower for the 0.4 packing density than for the 0.2 packing density. The reflective property of the Reststrahlen features (still weakly manifesting with 3.3-μm particle size fraction) is reduced upon the static structure factor correction. While the root-mean-square error is low for the defined Reststrahlen 2 region at 0.2 packing density, the misfit of the Reststrahlen band itself (550 cm À1 ) is still noticeable (Figure 2 ) when the static structure factor correction is applied. Similarly, at the transparency feature, the larger packing density in the static structure factor correction leads to lower cluster singlescattering albedos (Table 2) . Increasing the packing density with the static structure factor correction reduces the overly reflective property of the clusters due to strong volume scattering at transparency wavelengths.
Phase Function
The phase function (a 1 ) characterizes the intensity of the scattered light as a function of scattering angle and is generally strongly peaked in the forward direction (small scattering angles) when using the cluster-based light scattering model of an elementary volume.
Both increasing the packing density with the static structure factor and increasing the particle packing density in the T-matrix procedure decrease the forward-scattering phase function values (Figure 4 ; see also Figure A1 ). Increase of packing density has various effects on the backscattering direction (larger scattering angles). When the packing density is increased in the static structure factor correction, larger phase function values are produced in the backscattering direction than those solely modeled by the superposition T-matrix 
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Journal of Geophysical Research: Planets method (Figure 4 ). Increasing the particle packing density in the T-matrix procedure does not seem to have a clear pattern in the outcomes of phase function values in the backscattering direction.
Model Discrepancies
Major modeling difficulty arises at short wavelengths. A sharp drop in emissivity is observed for all modeled spectra at >1,300 cm À1 (<7.69 μm). Increasing the cluster packing density in the static structure factor corrects this problem to some degree and emissivity increases (Figure 2) . The correction at these wavelengths is not remarkable as even though the intensity is increased, the improper spectral shape is maintained, and the modeled spectra do not come substantially closer in agreement with the laboratory spectrum. As discussed in Ito et al. (2017) , diffraction effects at high frequencies may not be subdued enough with a computationally limited number of particles (1,000) used in clusters to accurately model the laboratory spectrum. This discrepancy may also be attributed to the use of monodisperse particles (equal-sized spheres) in the clusters as opposed to actual polydisperse and potentially nonspherical particles, though modeling with such particles is more complex and out of scope for this work. We note that the difficulty in accurately modeling spectra of densely packed media at short wavelengths (particle size parameter near 1) has also been a problem for other RT-based approaches (e.g., Ramezan pour & Mackowski, 2017). Additionally, large variations in fit accuracies are observed for most models at shortest frequencies (<450 cm À1 ), likely due to the difficulty in obtaining accurate complex indices of refraction.
Conclusions
This work investigated a radiative transfer model for densely packed particulate media using a combination of the superposition T-matrix method and static structure factor correction to accommodate dense packing effects on the solution of the radiative transfer equation. The superposition T-matrix method captures the and propagates more easily through the clusters. These plots capture the characteristics of high volume scattering and surface reflection at transparency and Reststrahlen features, respectively.
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Journal of Geophysical Research: Planets near-field effects within the elementary volume of particulate medium, while the static structure factor correction suppresses the undesirable far-field effect of forward-scattering interference. We then demonstrated the importance of proper treatment of the packing-density effects when modeling spectra of semi-infinite densely packed particulate media using the cluster-based light scattering model.
Spectra of an enstatite particulate medium with individual particles having a median diameter of 3.3 μm at midinfrared wavelengths were modeled. This corresponds to some of the typical situations in remote sensing of regolith-covered planetary surfaces in which proper analyses of spectra have been difficult. Our work contributes to resolving this problem by better understanding packing density effects on spectra.
To test the new light-scattering model, we compared its outcome with the benchmark laboratory spectrum of a corresponding enstatite powder. At a packing density of 0.2, the implementation of the static structure factor correction produced modeled spectra having overall better agreement (dependent on wavelength) with the experimental data than those based on the sole use of the superposition T-matrix method. This demonstrates the virtue of coupling the superposition T-matrix method and the static structure factor correction for analyses of spectra of weakly and moderately packed planetary regoliths. A packing density of 0.4 led to an overly reduced spectral contrast, indicating that the static structure factor correction with high packing densities likely will not provide benefits to interpretations of spectra for the retrieval of material properties.
Specific wavelengths were chosen from some of the most important wavelength regions for spectral studies to examine the single-scattering properties of an elementary volume of particulate medium. Our analysis sheds light on the mechanisms of observed spectral traits. The implementation of the static structure factor correction led to reduction in the single-scattering albedo, reduction in the forward scattering phase-function peak, and increase in backscattering phase-function values obtained from the superposition T-matrix method. This is advantageous at wavelengths where volume scattering is dominant, such as the transparency feature of enstatite (e.g.,~800 cm À1 ), as the overly reflective nature of the cluster from the T-matrix method was suppressed, and emissivity values that more closely resemble laboratory emissivity values were computed. For Reststrahlen wavelengths (e.g.,~530 and~989 cm À1 ), our coupling approach may not provide substantial benefits as scattering is excessively reduced. For this reason, the superposition T-matrix and static structure factor coupling method likely will not improve spectral modeling of larger particle sizes (compared to wavelength) as their scattering properties are generally dominated by surface reflections (Reststrahlen features) rather than volume scattering (transparency features). Last, in reducing the unwanted forward scattering phase-function peak, we suspect that using a smaller number of particles in a cluster during the T-matrix The right-hand inserts are focused on the first 20°of the scattering angle to emphasize the decrease in the forward scattering peak caused by increase in packing density. SSF indicates static structure factor correction.
Journal of Geophysical Research: Planets computation may lead to more potent reductions ( Figures 4 and A1 ); in such a case, clusters should still contain enough particles to capture the near-field effects, and more insight into this is a subject of future research.
Appendix A A1. Radiative Transfer Theory Applied to Densely Packed Media
An efficient method in solving the vector (as well as scalar) radiative transfer equation for a sparse, planeparallel, macroscopically isotropic, and mirror-symmetric particulate medium composed of randomly oriented particles (Mishchenko & Yurkin, 2017) is to expand the normalized scattering matrix elements of an elementary volume in generalized spherical functions (GSFs; Mishchenko et al., 2002) . Furthermore, the expansion of the scattering matrix in GSFs can be corrected for the interference effects caused by nonrandom particle positions in a densely packed elementary volume by using the static structure factor concept. Applications of the RTT to densely packed media are frequently encountered in various disciplines, ranging from Earth and planetary sciences to biology (Mishchenko, Dlugach, et al., 2016) . Therefore, access to an efficient and fast computer program that modifies previously obtained GSF expansion coefficients to those corrected for densepacking interference effects to ultimately solve the radiative transfer equation is often essential. Here we explain the theoretical basis of the correction of an existing GSF expansion with the static structure factor, describe the corresponding public-domain FORTRAN program, and show examples of using this program.
A2. Scattering Matrix and Generalized Spherical Function Expansions
The particulate scattering medium is assumed to be ergodic and macroscopically isotropic and mirrorsymmetric, thereby leading to the full characterization of its single-scattering properties with the ensemble-averaged single scattering albedo, ϖ, and normalized 4 × 4 Stokes scattering matrix, e F Θ ð Þ; of an elementary volume (Mishchenko, 2014) . The normalized scattering matrix is written as 
The scattering matrix elements are expanded using GSFs, P s mn cosΘ ð Þ, as
where s max is the upper summation limit defined by the requisite numerical accuracy of the series. Alternatively, the expansions (A3)-(A8) can be reformulated in terms of Wigner d-functions (Mishchenko, 2014),
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When the scattering matrix elements are already known and the expansion coefficients are needed, the following formulas following from the orthogonality property of the Wigner d-functions can be used:
In practice, the integrals in equations (A10)-(A15) are computed numerically using a Gaussian quadrature with the number of Gaussian nodes equal to twice the number of the expansion coefficients, s max . This can be written as
where μ j and w j are the Gaussian quadrature nodes and weights on the interval [À1, 1] and N G = 2s max . The Wigner d-functions are computed with the recurrence relation
where s ≥ s min and
The initial values are given by 
A3. Static Structure Factor Correction
The static structure factor accounts for the statistics of mutual positions of particles in densely packed media. Aside from the filling factor (packing density), the static structure factor is dependent on scattering angle, particle size distribution, particle shape, and wavelength. We assume that the particles are nearly spherical and nearly monodisperse (Mishchenko, 1994) . The Percus-Yevick approximation for hard, impenetrable, monodisperse spheres gives the static structure factor, S(Θ), as
where n is the number density of scattering particles and λ is wavelength. When p equals zero,
while for nonzero values
In the above equations for C,
where r 0 is the radius of a particle and f is the filling factor expressed as
To apply the static structure factor correction, the scattering cross section, C sca , accompanying the input expansion coefficients of the normalized scattering matrix is first modified as
where the differential scattering cross section
(subscript ssf stands for static structure factor corrected). The integral is evaluated again using the Gaussian quadrature with the number of nodes (scattering angles) equal to twice the number of input expansion coefficients. The original expansion coefficients are used to compute the normalized scattering matrix elements
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Journal of Geophysical Research: Planets according to equations (A3)-(A8), then the normalization is reversed. The static structure factor is multiplied to the nonnormalized scattering matrix elements as
Using the static structure factor corrected normalized scattering matrix elements, the resulting GSF expansion coefficients are finally computed with equations (A10)-(A15). Finally, we note that the static structure factor correction does not modify the absorption cross section.
A4. Computer Program
The static structure factor correction has been implemented in a FORTRAN program, which can be obtained from the first author upon request or downloaded from https://www.giss.nasa.gov/staff/mmishchenko/brf/ PackedMedia.f. Input to this program (Table A1 ) is a file containing the extinction, absorption, and scattering cross sections; the coefficients of the GSF expansions; and the number of the expansion coefficients. These quantities can be obtained, for example, using exact solvers of Maxwell equations, such as the Mie (Mishchenko et al., 2002) , T-matrix (Mishchenko et al., 2002) , and superposition T-matrix methods. Alternatively, when the scattering matrix is available but not the corresponding GSF expansion coefficients, as in a laboratory measurement (e.g., the average scattering matrix of volcanic ash particles suspended in air; Muñoz et al., 2004) , the numerical procedure from Mishchenko, Geogdzhayev, and Yang (2016) can be used to obtain the corresponding GSF expansion coefficients.
The output contains the new single-scattering albedo, the number of new expansion coefficients, and the new expansion coefficients that have been corrected by the static structure factor procedure (Table A2 ). The output is ready to be further used in radiative transfer models, for example, those described in Mishchenko et al. (1999 Mishchenko et al. ( , 2015 . 
A5. Sample Results
Scattering from densely packed particulate media behaves differently compared to sparsely packed media with widely separated particles, in which one manifestation is the suppression of the forward scattering peak and an enhancement in backscattering (Mishchenko, 1994 (Mishchenko, , 2014 Mishchenko & Macke, 1997) . This behavior is captured by our static structure factor correction, as shown by the case of monodisperse spherical particles of very weakly absorbing glass in visible light ( Figure A1 ). The phase function, a 1 , in the forward direction decreases rapidly as the filling factor is increased. This behavior is qualitatively similar to incoherent scattering functions introduced by Muinonen et al. (2016) . The backscattering directions increase in intensity by very small amounts. Other elements of the scattering matrix (a 2 , a 3 , a 4 , b 1 , and b 2 ) describe the polarization state of the scattered light. Note. The static structure factor correction is applied using a filling factor of 0.2. The first row contains the high-density single-scattering albedo and the number of expansion coefficients. From the second row, the high-density expansion coefficients from s = 0 to 42 are shown, where the coefficients are α 1 , α 2 , α 3 , α 4 , β 1 , and β 2 from left to right columns.
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A6. Future Implementations and Scope
The computer program presented here modifies the scattering cross section and GSF expansion coefficients using the static structure factor correction. The implementation of this program is simple, and we envision that the program will be useful for analyses of planetary regoliths, ice, and other particulate objects encountered in physical, chemical, and biological sciences. However, users must be aware that the static structure factor correction essentially acts as a "patch" to modify the conventional RTT to fit within the working boundaries of densely packed media, and this procedure is not derived from first physical principles, in this case the macroscopic Maxwell equations (Mishchenko, Dlugach, et al., 2016) . In general, the a 1 element of the scattering matrix is believed to be the most reliable quantity among the scattering matrix elements. With proper understanding of its scope, we hope that this program will be particularly handy when solving problems related to multiple scattering from densely packed particulate media using radiative transfer and superposition T-matrix methods. 
